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( Fontaine-Mazur (\S 5)) \S 1









$\mathfrak{X}=$ { $\rho:G_{K}arrow GL(V)$ ;( ) } $/$







– $G$ $\mathfrak{X}=$ { \rho : $G_{K}arrow G$} ?
Galois
(3) $\mathfrak{X}$ ? ?
– Mazur $\mathrm{G}\mathrm{a}1_{\mathrm{o}\mathrm{i}}\mathrm{s}$ –
(4) $\rho\in \mathfrak{X}$ ( )
– Fontaine ltered module –
B. $\rho\in$ ( ) :





$-$ ... ( $\mathrm{f}^{\{}\nearrow\not\leq\ovalbox{\tt\small REJECT}_{)}$
Typeset by $A_{\mathrm{A}4}S-\mathrm{I}\mathrm{p}\mathfrak{c}$
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(2) Modular form $\circ$
(3) Etale cohomology $H_{\mathrm{e}\mathrm{t}}^{i}$, $(X_{\overline{K})}\mathbb{Q}p(r))$ $\pi_{1}(X_{\overline{K}})$
Fontaine-Mazur $K$ . $\mathfrak{X}=\{\rho$ : $G_{K}arrow G\mathrm{L}_{n}(\mathbb{Q}_{p})$ ;
} A $\mathrm{B}$ (3)
$K$ $G_{K}:=\mathrm{G}\mathrm{a}1(\overline{K}/K)$ $E$ $P$ $\mathbb{Q}_{P}$
E $\rho:G_{K}arrow G\mathrm{L}_{E}(V)$ (V E-











. ( $E$ Qp-
$\rho:G_{K}arrow \mathrm{G}L_{\mathbb{Q}_{p}}(V)$ ) $\rho$ :
(1) $\rho$ ;
(2) $K$ $v$ $\rho$ $v$
$\rho_{v}$ : $G_{K_{v}}arrow \mathrm{G}L_{\mathbb{Q}_{p}}(V)$
$t\mathfrak{X}$ potentially semi-stable.
$K_{v}$ $K$ $v$ $G_{K_{v}}=\mathrm{G}\mathrm{a}1(\overline{K}_{v}/K)t\mathrm{h}\overline{K}arrow\overline{K}_{v}$
$v$ $\subset G_{K}$ –
$\rho_{v}$ : $G_{K_{v}}arrow \mathrm{G}L_{\mathbb{Q}_{\mathrm{p}}}(V)$ potentially semi-stable
(1) ( $v|p$ ) $H\subset I_{v}$ $\dim_{\mathbb{Q}_{p}’}(B_{\mathrm{s}\mathrm{t}}\otimes V)^{H}=\dim_{\mathbb{Q}_{p}}V$
( $\mathbb{Q}_{p}’$ $\mathbb{Q}_{p}$ $P$ ) ;
(2) ( $v\mathrm{Y}p$ ) $H\subset I_{v}$ $H$ $V$ (unipotent)
. $v\{p$ $P$ $\rho_{v}$ : $G_{K_{v}}arrow GL_{\mathbb{Q}_{\mathrm{p}}}(V)$ potentially semi-stable
(Grothendieck –cf. [37] )
. $\rho$ : $G_{K}arrow \mathrm{G}L_{E}(V)$ ( ) $K$






$\rho:G_{K}arrow GL_{E}(V)$ Hecke “Hecke






2. . – :
${\rm Re}_{\mathrm{P}_{E(G)^{\ovalbox{\tt\small REJECT} 1}:=}}\not\simeq$ { $p:Garrow GL_{E}(V)$ ;...( ).. } $/$ ,
$G_{K}$,S:=Gal(S /K)
$S$ $K$
$\mathrm{F}(\mathrm{a})$ inertial level $\mathcal{L}$ $\overline{\mathbb{Q}}_{p}- \mathrm{H}_{0}\mathrm{d}\mathrm{g}\mathrm{e}$-Tate $h$
$\mathrm{R}\mathrm{e}\mathrm{p}_{\overline{\mathbb{Q}}_{\mathrm{p}}}(G_{K,.S})^{\mathrm{g}}\mathrm{e}\circ \mathrm{m},\mathcal{L},h$
(b) inertial $1’ \mathrm{e}\mathrm{v}\mathrm{e}\mathrm{l}\mathcal{L}$ $E- \mathrm{H}_{0}\mathrm{d}\mathrm{g}\mathrm{e}$ -Tate
${\rm Re}_{\mathrm{P}_{E}}(G_{K},s)^{\mathrm{g}\mathrm{e}\circ}\mathrm{m},\mathcal{L},h$
(c) E-Hodge-Tate $\mathrm{R}\mathrm{e}\mathrm{p}_{E(}GK,s)^{\mathrm{g}}\mathrm{e}\circ \mathrm{m},h$ (i.e.
$E$ $/\mathbb{Q}_{p}$ inertial level $\mathcal{L}$ )
inertial level (potentially semi-stable $\rho$ $K$
semi-stable ) $K$ semi-stable
level :
. Inertial level $\mathcal{L}=$ ( )v\in 8 $I_{v}$ (for
$v\in S)$ $\circ$ $G_{K,S}$ $\rho$ inertial level $\mathcal{L}$ $v\in S$
$\rho$
$\mathcal{L}_{v}$ $\rho|_{\mathcal{L}_{v}}$ semi-stable
. $\rho:G_{K}arrow GL_{E}(V)$ $v|p$ $E- \mathrm{H}_{0}\mathrm{d}\mathrm{g}\mathrm{e}$ -Tate $h_{v}$ $(E\otimes_{\mathbb{Q}_{p}}$
$Krightarrow$ - $D_{\mathrm{H}\mathrm{T}}^{*}(V)=\mathrm{H}\mathrm{o}\mathrm{m}_{\mathbb{Q}p[]}G_{K_{v}}(V$, BHT, o E-Hodge-Tate
$h=(h_{v})_{v|p}$ $E$ $\overline{\mathbb{Q}}_{p}$
. :
(a) $\Rightarrow$ (b) $\Leftrightarrow$ (c)
( $(a)\Rightarrow(\mathrm{b})\Leftarrow(\mathrm{c})$ \‘apriori $(\mathrm{b})\Rightarrow(\mathrm{c})$
)
$\underline{\text{ _{}\mathbb{S}}^{arrow}\ovalbox{\tt\small REJECT}}$ . $\mathrm{R}\mathrm{e}\mathrm{p}_{\overline{\mathbb{Q}}_{p}}(GK,s)^{\mathrm{g}h}\mathrm{e}\circ \mathrm{m}$, (e.g. $\chi_{n}$ : $G_{\mathbb{Q},\{p,\infty\}}arrow \mathrm{A}\mathrm{u}\mathrm{t}$(1 pn ),
$n=1,2,$ $\cdots)$ .
$\underline{\text{ }}.-(\mathrm{a})$ Abrashkin, Fontaine ([1], [16]): $K=\mathbb{Q}$ ,
$S=$ { $p,$ $\infty$ } Hodge-Tate crystalline
$\mathrm{F}(a)$
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(c) Faltings [15] Shafarevich ( $S$ good reduction
g Abel ) $\mathrm{F}(\mathrm{c})$ ;
(Abel ) $\cap \mathrm{R}\mathrm{e}\mathrm{p}_{E}(GK,s)^{h}=$




$N(\rho)$ $\mathrm{A}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}$ conductor $P$ (cf. [36], \S 1.2)
. $N$ $N(\rho)|N$ $\rho$ : $G_{\mathbb{Q}}arrow \mathrm{G}L_{n}(\overline{\mathrm{F}}_{p})$
?
$n=1$ $\mathrm{O}\mathrm{K},$ $n=2$ Serre [36]
$\lceil_{\mathrm{O}}\mathrm{d}\mathrm{d}$ $\mathrm{O}\mathrm{K}$ ( $N=1$ $p$ Tate
[39] ) $n=4$ 8 $p=2,3,$ $N=1$ [33]
3. ( $=$ $\mathrm{H}$ elliptic modular case).
M. $\rho:G_{\mathbb{Q}}arrow \mathrm{G}L_{\overline{\mathbb{Q}}_{p}}(V)$ $G_{\mathbb{Q}}$ 2 $\text{ _{}p}$- Artin
(i.e. ) Tate $i\in \mathbb{Z}$
$V$ Tate $V(-i)$ modular, newform $f$
( $L$- $L(V(-i),$ $s)=L(f,$ $s)$ ) o
- -Weil –
$\mathrm{F}(\mathrm{a})$ $K=\mathbb{Q},$
$\dim_{\overline{\mathbb{Q}}_{\mathrm{p}}}V=2$ ( $\mathcal{L}$ $h$
$f$ level $N$ $k$ )
(Mazur email ). – $\mathrm{A}\mathrm{r}\mathrm{t}\mathrm{i}\mathrm{n}$ Tate







([11]). $\mathbb{Q}$ $E$ $3^{3}$ $E$ modular.







$C$ : Noether OE- $=k$
( $\mathrm{i}\mathrm{d}_{k}$ )
$G=G_{K,S}$ or $G_{K_{v}}$
$\underline{\mathrm{R}\mathrm{e}\mathrm{p}}_{A}(G)^{\text{ }}$ : $A$ $A[G]$:-








$\mathfrak{m}_{A}$ $U$ $\rho$ –
Wiles $D$ (e.g. $D=(\mathrm{o}\mathrm{r}\mathrm{d},$ $S,$ $\mathcal{O},$ $\mathcal{M})$ )
Fontaine, MMMazur $\mathcal{O}_{E}[G]$ - $\underline{\mathrm{R}\mathrm{e}\mathrm{p}}_{\mathcal{O}}\mathrm{f}\mathrm{i}\mathrm{n}_{E}(G)$
$D$
$\text{ }\mathcal{D}$- (cf. [17] [31] \S 23 Deformation
conditions) ( $D$ )
$\overline{\rho}\in\underline{\mathrm{R}\mathrm{e}\mathrm{p}}_{k}(G)\cap D$
$F_{\overline{\rho},D}$ : $Carrow(\mathrm{S}\mathrm{e}\mathrm{t}_{\mathrm{S}})$




$A\mapsto$ { $\overline{\rho}$ in $\underline{\mathrm{R}\mathrm{e}\mathrm{p}}_{A}(G)$}
([30], [13] etc) $H^{0}(G, \mathrm{E}\mathrm{n}\mathrm{d}(\overline{\rho}))=k$ F-\rho ,
$R(\overline{\rho})_{\text{ }}$ (in $C$ ) $p_{D}^{\mathrm{u}\mathrm{n}\mathrm{i}\mathrm{v}}$ : $Garrow \mathrm{G}L_{n}(R(\overline{p})_{\text{ })}$
$\overline{\rho}$









$H^{1}(G, \mathrm{E}\mathrm{n}\mathrm{d}(\overline{\rho}))$ $R(\overline{\rho})_{D}$ noetherian
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Wiles
$V$ “ ” Hecke 2 E-
“ ’- $E$- Hecke
Fontaine Mazur “ ”
$D\subset\underline{\mathrm{R}\mathrm{e}\mathrm{p}}_{\mathcal{O}}\mathrm{f}\mathrm{i}\mathrm{n}(G_{K,s)}E$ “ ”
([17]) :
. $\underline{\mathrm{R}\mathrm{e}\mathrm{p}}_{E}^{D}(G)$ $V\in\underline{{\rm Re}_{\mathrm{P}_{E}}}(G)$ $U\in\underline{\mathrm{R}\mathrm{e}\mathrm{p}}^{\text{ _{}E}}(G)$ lattice $U\subset V$
( $V$ lattice $U$ $K$
$V$ $\mathcal{O}_{E}$- G- )
$V\in \mathrm{R}\mathrm{e}\mathrm{p}^{\text{ _{}(G_{K,S}}})$ $U$ $V$ – lattice $u:=U/\pi U(\pi$ $E$
) $G_{K,S}$ $(^{-\text{ }}$ $U$
lattice ) $V’\in\underline{\mathrm{R}\mathrm{e}\mathrm{p}}_{E}(G_{K})$ $D$-close to $V$
(1) lattice $U’\subset V’$ $U’/\pi U’\simeq u$ ;




$D_{\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}}=\underline{{\rm Re}_{\mathrm{P}_{\mathrm{o}_{E}^{\mathrm{n}}}\mathrm{f}\mathrm{i}\mathcal{L},h}}(G_{K,S})\mathrm{g}\mathrm{e}\circ \mathrm{m},$ .
(inertial level Hodge-Tate ) potentially crystalline
potentially semi-stable $O_{E}$ [ $G_{K}$,s]-
:
$\mathrm{F}_{\text{ }}$ . $R(\overline{\rho})_{\text{ }}\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}$ OE-





$\mathrm{H}\text{ }$ . $R(\overline{\rho})\text{ _{}\mathrm{g}\mathrm{e}}\text{ }\mathrm{m}$ Hecke
Dcrys ltered modules ([18]).
Dgeom ltered modules
. Breuil ([4]) W $\langle$u$\rangle$ -





( $M_{n}$ $U/\pi^{n}U$ ltered module)
( )
$\overline{\rho}$ : $G_{\mathbb{Q}_{p}}arrow \mathrm{G}\mathrm{L}_{2}(\mathrm{F}_{p})$ ([19], Chap. II),
crystalline (resp. potentially Barsotti-Tate) pst-module (filtered
module – ) explicit [10]
( )
Gouv\^ea
$\overline{\rho}:G_{\mathbb{Q},S}arrow \mathrm{G}L_{2}(\overline{\mathrm{F}}_{p})$ , odd
modular ; $\overline{\rho}=\overline{\rho}_{f}$ (Serre [36])
Gouvea
($\overline{\rho}$ ) $rightarrow$ ( $f$ ;Katz $P$ modular eigenform )
([21]). “ ?’
( ) $rightarrow$ ( modular eigenforms)
(cf. M).
Gouv\^ea Mazur ([22]) $\overline{\rho}$ : $G_{\mathbb{Q},\{p,\infty\}}arrow GL_{2}(\mathrm{F}_{p})$ modular
(level $=p$, $k$ non-critical, i.e. $U_{p^{-1^{\ovalbox{\tt\small REJECT}}}\backslash }\mathrm{F}ffl\text{ }$ slope $\neq 0,$ $k-1$)
$rightarrow$ Coleman
([7], [8]) . eigenform overconvergent $p$ modular eigenform
l-parameter family (parametrized by $k$ ) ( –
– ) $\text{ _{}\mathrm{m}\mathrm{o}}\mathrm{d}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}$ –
$\mathrm{r}_{\mathrm{m}\mathrm{o}\mathrm{d}\mathrm{u}}1\mathrm{a}\mathrm{r}$ non-critical companion form (
twin; cf. [23] $)$
$k\in \mathbb{Z}$
Mazur “infinite fern” ([32]. fern
) 2R ,
$\text{ }$ I [\not\in 22-
Coleman-M.az.ur ([9]) “eigencurve” –
5. . $S$ $P$ (i.e. $v\in S$ $p$)
$p:G_{K,S}arrow \mathrm{G}\mathrm{L}_{n}(\mathbb{Q}_{p})$ $P$ $P$
Hodge-Tate weights $=0$ $\rho$ (
) $\mathrm{G}$ $\rho$
$\mathbb{Q}$- :
$\mathrm{U}\mathrm{R}^{\mathrm{g}\mathrm{e}\mathrm{o}\mathrm{m}}$. $S$ $P$ $G_{K,S}$ $.p.\text{ }$ $\rho$ : $G_{K,S}arrow$
$GL_{n}(\mathbb{Q}_{p})$ $G_{K,S}$
Grothendieck $\rho$ : $G_{K,S}arrow \mathrm{G}L_{n}(\mathbb{Q}_{p})$ potentially
semi-stable ; :
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$\mathrm{U}\mathrm{R}$ . $S$ $p$ $G_{K,S}$ $P$ $\rho$ : $G_{K,S}arrow G\mathrm{L}_{n}(\mathbb{Q}_{p})$
$G_{K,S}$
$p$ ( $n$ ) $GL_{n}(\mathbb{Q}_{p})$
:
$\mathrm{U}\mathrm{R}’$ . $S$ \searrow ‘‘ $P$ $G_{K,S}$ $P$
$P$ $P$-uniform (cf. )
$K,$ $S$ $\mathrm{U}\mathrm{R}’$ $K,$ $S$ :
$\mathrm{U}\mathrm{R}’’$ . $S$ $p$ $G_{K,S}$ $P$-uniform




, $G_{i}/G_{i+1}$ abelian, $p$ : $G_{i-1}/Gi^{arrow}Gi/\sim Gi+1$ ,




N. Boston UR – ([2]) :
URB. Noether $R$ $k$
$\rho:G_{K,S}arrow \mathrm{G}L_{n}(R)$
:




( F quaternion )
$F$ $v$ PSL2 ( $\mathcal{O}_{F},rightarrow$- (cf. e.g. [26],
[27] $)$ . ([25])
(b) – de Jong (
) :
([12]). $X$ $\mathrm{F}$ $p$ $(\neq \mathrm{c}\mathrm{h}a\mathrm{r}(\mathrm{F}))$
$\pi_{1}(X)$ $X$ ( ) $\mathrm{F}_{p}[t\mathrm{I}$-
$\rho$ : $\pi_{1}(X)arrow \mathrm{G}L_{n}(\mathrm{F}_{p}[t\mathrm{I})$ $\pi_{1}(X)$ $\pi_{1}(X\otimes_{\mathrm{F}}\overline{\mathrm{F}})$
$\rho(\pi_{1}(X\otimes_{\mathrm{F}}\overline{\mathrm{F}}))$





$\Gamma_{K,p}:=$ Gal( pro-p /K),
$K$ $P$- Galois $\mathrm{U}\mathrm{R}’$
URH. $\Gamma_{K,p}$ $P$
$\Gamma_{K,p}$ ( ([20]) ) $P$
Fontaine-Mazur
:
(1) $\Gamma_{K,p}$ $K$ $P$ ? (
) . $[38]+[20]$ (
) ([46]).
(2) $K$ $\Gamma_{K,p}$ $K$
([44], [45] etc).
(3) Washington $\text{ }$ “$\mathrm{N}\mathrm{o}\mathrm{n}-\ell$-part of the class number in a cyclotomic $\mathbb{Z}_{\ell}$-extensions”
([41]) $G_{K,\{l\}}$ UR compatible
$\mathrm{U}\mathrm{R}’’$ Boston :
([2]). $F$ $P$ $p$ $P$
$K/F$ $\ell$ $L/K$ pro-p $L/F$ Galois
$G\mathrm{a}1(L/K)$ uniform
( ) $G=G\mathrm{a}1(L/K)$ $P$-uniform $G=G_{1}\supset$
$G_{2}\supset\cdots$ filtration (as in $(^{*})$ ) o Schur-Zassenhaus $\mathrm{G}\mathrm{a}1(L/F)$
$\ell$ $G$ $G/G_{2}$
( $K$ p
$F$ p $P$ )
$=$ id $G$ (pro-nilpotent $\text{ }$)
nilpotent $G/G_{i}$ “nilpotency” ( $=$
) Nilpotency (
) $\ell$ 1
(Higman) ( : $\ell$ ( –
pro-p ) )
$G_{i}/G_{i+1}\simeq\cdots\simeq G_{1}/G_{2}$ $\mathrm{Q}.\mathrm{E}$ .D.
$G$ “self-similar” – ([3]. )
Boston $\mathrm{U}\mathrm{R}$ :
([2]). $P$ $L$ $K$ $P$-Hilbert $P$
$P$ $M/L$ $M/K$. Galois









$\rho_{K}:=$ $p$-rank( $K$ ideal ), $\nu_{K}:=p- \mathrm{r}a\mathrm{n}\mathrm{k}$ ( $K$ )
([24]). $\rho_{K}\geq 2+2\sqrt{\nu_{K}+1}$
(1) $\Gamma_{K,p}$ $P$ $\mathrm{A}1$
(2) $p_{K_{n}}arrow\infty$ (as $narrow\infty$), $(K_{n})_{n\geq 0}$ $K=K_{0}$ P
. $p_{K}\geq 2+2\sqrt{\iota\ovalbox{\tt\small REJECT}_{K}+1}$ Boston Yes.
. (1) (2) ( ; cf. [29]).
( ) $\rho_{K}\geq 2+2\sqrt{\nu_{K}+1}$ $\Gamma_{K,p}$ (i.e. p-
) – ([20]).
$p$- Golod-Shafarevich ( Gasch\"utz-Vinberg
) $\text{ ^{}2}(G)>h^{1}(G)/4$ $P$ ([28] etc)
( $\text{ ^{}i}:=\dim_{\mathrm{F}p}H^{i}(G,$ $\mathbb{Z}/p\mathbb{Z})$ )
Hajir :
([24]). $K$ r $(K_{n})_{n\geq 0}$ $n$ $K_{n}$ Golod-
Shafarevich test (i.e. $\rho_{K_{n}}\geq 2+2\sqrt{I\ovalbox{\tt\small REJECT} K_{n}+1}$ ) ?
Yes ( ) $\Gamma_{K,p}$ URH
$P$ Galois Pro-p
( ) :
([24]). $t$ $K$ $P$ $L/K$
$L/K$ $K’$
$[K’ : K]\cdot t\leq\rho_{K’}-1\leq[K’ : K]\cdot(\rho_{K^{-}}1)$
$\leq$ Schreier (cf. )
. $G$ pro-p
(1) $H$ $n$ $\subset G$
$\text{ ^{}1}(H)-1\leq n(\text{ ^{}1}(G)-1)$ .
(2) $G$ $H$ $\Leftrightarrow G$ Pro-P
.
Hajir :
([24]) (a) $\Gamma_{K,p}$ $\Gamma_{K,p}$ torsion free ?




pro-p $\mathrm{G}\mathrm{a}1$ ($p$ /K)
$\mathrm{G}\mathrm{a}1$ ($p$ /K) ?
Artin Buzzard-Taylor :




(1) $\overline{\rho}$ modular ( ) ;
(2) $\overline{\rho}(\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}_{p})$
$\rho$ Artin (i.e. $\rho$ 1 )
${\rm Im}(\rho)$
$\mathrm{U}\mathrm{R}$ –
$\overline{\rho}(\mathrm{F}\mathrm{r}\mathrm{o}\mathrm{b}_{p})$ 6, $\overline{\beta}$ 2 $\mathrm{m}\mathrm{o}\mathrm{d} p$ eigenforms (
companion form l ) A-adic eigenforms $F_{\alpha},$ $F_{\beta}$ (use
Wiles, Taylor, Diamond) ( Galois 1
$\rho$ ) $F_{\alpha},$ $F_{\beta}$ 1 $f_{\alpha},$ $f_{\beta}$ 1
overconvergent p-adic $\mathrm{m}\mathrm{o}\mathrm{d} \dot{\mathrm{u}}\mathrm{l}\mathrm{a}\mathrm{r}$ form forms
$f= \frac{\alpha f_{\alpha}-\beta f\beta}{\alpha-\beta}$ , $g= \frac{f_{\alpha}-f_{\beta}}{\alpha-\beta}$
“ ” $X_{1}(N)$ 1
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